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Abstrac10. Let {R, m) be a Noetherian local ring, I an ideal of R and M, N 
two finitely generated i?-modules. The first result of this paper is to prove a 
vanishing theorem for generalized local cohomology modules which says that 
Hj{M, N) = for all j > dim(i?), provided M is of finite projective dimension. 
Next, we study and give characterizations for the least and the last integer r 
such that Supp(i?J(M, A^)) is infinite. 

1 Introduction 

For an integer j ^ 0, the j*^ generalized local cohomology module Hj{AI,N) of two 
i?- modules M and N with respect to an ideal / was defined by J. Herzog in [B] as follows 

Hj{M, N) = limExt]^(Af//"M, TV). 

n 

It is clear that Hj {R, N) is just the ordinary local cohomology module Hj (N) of N with 
respect to /. For a better understanding about local cohomology modules Hj{N), ones 
established some problems on the finitcness of these modules such as determining when 
the sets Supp{Hj{N)) and Ass{Hj{N)) to be finite. There are some affirmative answers 
for the finiteness of Ass(i7^(7V)) and of Supp(ff|(iV)) ( see [S], 0, [H], [H], [Hj-)- But, 
there exist in general local cohomology modules of Noetherian local rings with infinitely 
many associated primes, see [11. 

Similar problems are raised for generalized local cohomology modules. It should be 
mentioned here that some basic properties of local cohomology modules can not extend 
to generalized local cohomology modules. For example, if N is /-torsion then H\{N) — 
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for all i > 0, but H}{M,N) = ExtJ^ (M,iV) and the later does not vanish in general for 

1 > 0; or while the Grothendieck's Vanishing Theorem says that H\{N) = for all i > 
dim(iV), the generalized local cohomology modules H}{M, N) may not vanish in general for 
infinitely many i ^ 0. However, we can show in this paper that Uj<i Supp{Hj{M, N)) = 
Uj-^, Supp(ExtyM/7M, N)) for alH > (Lemma[23). It follows that although H}{M, N) 
may not vanish but Supp{H}{M, N)) C Uj^dim(Ar) Supp(iJf^^ (iV)) for all i ^ 0, where 
Im — ann(M//M) the annihilator of i?- module M/IM. Moreover, we also prove that if 
M has finite projective dimension then Hf{M, N) — for all j > dim(i?) (Theorem 13. ip . 
The purpose of this paper is to exploit Lemma 12.81 and Theorem 13.11 in the studying the 
finiteness of the supports and the finiteness of the set of associated primes of generalized 
local cohomology modules. 

Our paper is divided into 5 sections. In section 2, we prove two auxiliary lemmas 
(Lemmas 12.71 and 12.81) and its consequence (Corollary 12. 9p on the support of general- 
ized local cohomology modules. In section 3, by using spectral sequences, we prove that 
Hj{M, N) = for all j > dim(i?), provided M is of finite projective dimension (Theorem 
I3.ip . This generalizes a vanishing result of generalized local cohomology modules with 
respect to the maximal ideal of J. Herzog and N. Zamani [71 Theorem 3.2]. In section 4, 
we use Lemma l2.8l and the notion of generalized regular sequences introduced by Nhan [14] 
to characterize the least integer r such that Supp{Hj{M, N)) is an infinite set (Theorem 
14. ip : from this we can describe concretely the finiteness of Ass(iJJ(M, N)) (Theorem l4.5p . 
In the last section, we study the last integer s such that Supp(7?|(M, A^)) is an infinite 
set (Theorem 15. If g)): and we also give lower and upper bounds for s (Theorem 15. If 6)). 

2 Preliminaries 

Throughout this paper M, N are finitely generated modules over a Noetherian local ring 
{R, m). Let pd^(M) denote the projective dimension of M. For any ideal I oi Rwe denote 
by Im = ann^j (M//M) the annihilator of the module M/IM and by F/ the /-torsion 
functor. First, we recall some known facts on generalized local cohomology modules. 

Lemma 2.1. (cf. |H Lemmas 2.1, 2.3]) The following statements are true. 
(i) Let E' be an injective resolution of N . Then, for any j ^ 0, we have 

Hj{M,N) = W{Ti{Rom{M,E'))) 

= H\Rom{M,Ti{E'))) = H^Rom{M,Ti„,{E'))). 

{a) IfTi^,{N) ^NorlC ann(A/), then Hj{M, N) = Ext^{M, N) for all j ^ 0. 

Lemma 2.2. (cf. [4, Theorem 2.4]) Let I = dcpth(/M, iV). Then 

Ass H\{M,N) = AssExt^(M//Af,iV). 

Lemma 2.3. (cf. [H Theorem 3.7]) // pdj^(A/) < -l-oo, then Hj{M,N) = for all 
j > pdji{M) + dim(M ®r N). 

Lemma 2.4. (cf. (71 Lemma 3.1]) Let d = dim{R) . Ifpdj^{M) < +oo, then dim(Ext^j^{M , R)) ^ 
d~j for all ^ j ^ pdjj{M). 
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Lemma 2.5. Assume that the local ring homomorphism f : R —^ S is flat. Then 
H]{M, N)(g)RS^ H{g{M ®R S, N S) for all j > 0. 

Lemma 2.6. Let n = dim(A^). Then Supp{H"^^{N)) is a finite set. 

Proof. Let a = armR{N) and R — R/a, then dim(i?) = n and N is an i?-niodule. Hence, 
by the independence theorem in ^, we have H'^-^N) ^ H'^-^^iN) as i?-niodules. By 
[T51 CoroUary 2.5], we obtain that Supp;^(i?"-^^(-/V)) is finite. On the other hand, we have 
SuppiH^'-^N)) C Supp(i?/a) and 

Supp5j(i?;^i(7V)) - {p/a I p e Supp{Hr\N))}. 

Therefore Supp{H'^~'^{N)) is a finite finite, as required. □ 

The next two lemmata are impotant for our further investication in this paper. 

Lemma 2.7. Let N be the set of all positive integers and i £ N U {+00} . Set Ji = 
nj<i ann(Ext]^ (M//M, N)). Then Hj{M, N) ^ H^j^{M, N) for all j < i. 

Proof. We note first that Im ^ J;. Let E' : ^ ^ ■ ■ ■ ^ ■ ■ ■ be a minimal 

injective resolution of A*". For any j ^ 0, we have by [21 10.1.10] that 

rHAEn= E{R/pr^^'''^ 

/MCpeAss(_EJ) 

and 

JiCpeAss{Ei) 

where /i^(p,iV) — dimi.(p) (Ext'^j.^ iVp)) is jth Bass number of A'' with respect to p. 

Note that for any p e Ass(i?^ ) the sequence ^ E^ E^ ^ ■ ■ ■ ^ Ep ■ ■ ■ is a minimal 

injective resolution of A'p (cf. % 11.1.6]). So, as Ep 0, Np ^ 0. Consider now two cases: 
i G N and i = +00. 

Let j G N. For any j < i, and any p G Ass(i?^) satisfying p D Im and p ^ Ji, we have 
Ext^ (M//M, iV)p = for aU I < i. It implies depth((/M)p, A^p) > i, so depth(iVp) ^ i. 
Thus/i^(p,7V) = 0, sothatr/„(i;^) ^Tj^E^). Hence, by LemmaO we get if|(M, iV) ^ 
Wj^M^N) for aU j <i. 

Finally, if i = +00, then Ji = ann(Ext-^(M//M, A^)). For any j > 0, and any 

p G Ass(£^-') such that p 3 Im, we obtain (/m)pA^p 7^ A'^p. Set v — depth((/M)p, A'^p), then 
V < +00 and p G Supp(Ext^(M//M, A^)). It follows that p D ann(Ext5^ (Af//M, A^)) D 
Ji, and hence F/,, (£'■') = Tj.{E^). Therefore, by Lemma O we obtain HAM,N) = 
H^j^ (M, N) for aU j ^ 0. □ 

Lemma 2.8. Let i G N U {+cxd}. Then we have 

|JSupp(i7^(M,Ar)) = |JSupp(Ext]j(Af//Af,A^)). 
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Proof. Let i € N U {+00}, and = flj^i ann(Extjj(M//M, iV)). Then, by Lemma [Ml 
we obtain Hj{M, N) = i/j. (A/, N) for all j < i. So, we have 

y Supp(i7;^(Af,7V)) C Supp(i?/J,) = y Supp(Ext]^(Af//M,7V)). 

Conversely, let p G Uj<» Supp(Ext-jj.(Af//M, TV)). Set = depth((/M)p, iVp), then 
ly < i. For each n > 0, /m C i/ann(/A///"M), so that Extj^ (/M//"M, iV)p = for all 
j < V. Thus the following sequence 

Ext^(M//A/, iV)p ^ Ext5^(A-f//"Af, iV)p 

is exact for all n > 0. This induces an exact sequence 

Ext5^(Af//Af, Ar)p ^ ffyCAf, iV)p. 

So, since Ext^(A///A/, 7V)p 7^ and < z, we obtain that p e IJ^.^^ Supp(i7^(Af, iV)) as 
required. □ 

Until now one does not know about the last integer i such that Hj{M, N) ^ 0, even for 
the case / = m. For example, assume that R is not regular local ring and pdjj.(Af ) = +00, 
then H'„{M,R/m) = Extj^(A//, i?/m) ^ for all i ^ 0. However, the following result 
shows that there is a union of only finitely many supports of generalized local cohomology 
modules so that the other supports can be viewed as its subsets. 

Corollary 2.9. Let n = dim{N). Then we have 

y Supp{Hj{M,N)) = y Supp(iJi„(7V)) = y Supp(i/KAf,7V)). 

j^O j^n j^n 

Proof. For any i G N U {+00}, by Lemma \TM we obtain that 

y Supp(ff|^^(7V)) = y Supp(Ext],(i?//Af,iV)). 

j<i j<i 

Moreover, by using basic properties of regular sequences, we get 

y Supp(Ext],(i?//M,iV)) ^ y Supp(Ext],(A///Af,7V)). 

j<i j<i 

Thus, by Lemma we have 

y Supp(iIf^^(iV)) = [j Snpp{Hj{M,N)) 

j<i j<i 

and the corollary follows by Grothendieck's Vanishing Theorem. □ 
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3 A vanishing theorem 



J. Herzog and N. Zamani showed in [7, Theorem 3.2] that if pdjj.(Af) < +oo, then 
H^{M,N) = for aU t > dim(i?). In this section we extence Herzog-Zamani's result 
for an arbitrary ideal / as follows. 

Theorem 3.1. Let d = dim(i?). Assume that pd^(Af) < +oo, then Hj{M,N) ^ for 
all t > d. 

Proof. We first claim that H\{M, R) — Q for all t > d. Let xi, . . . , Xm be a set of generators 
of / and the Koszul complex of R with respect to a;", . . . , xJJ,. We denote by 
the total complex associated to the double complex (8)^ F,, where F, is a projective 
resolution of M. Consider the convergent spectral sequence 

W{}iom{K',\ExtUM,N))) =^ i/'+J(Hom(C TV)). 

i 

Since H}{M,N) ^ lim^ 77^(Hom(Ci', A^)) for all z > by [3 Theorem 4.2], we obtain by 
passage to direct limits the following convergent spectral sequence 

Ef^^ H}{ExtUM,R)) =^ H'+^ = H]+\M,R). 

i 

Thus, for each t ^ 0, there is a finite filtration of the module i/* = Hj{M, R) 
= (l)*+^H* C C . . . C (jj^H* C (j)°H^ = 

such that S^*-* ^ cj)'H'^/(j)'+^H* for all ^ i < i. It is clear that E^'^ = for all 
j > pdfl(M). Ui+j>d then i > d- j. Hence, by Lemma i > dim(Ext'}j(M, R)) for 
aU < j pdfi.(M). So i;*''' = for all < j pdfl(M) and i + j > d. Thus, for each 
t > d, we get = for all ^ i ^ i. Moreover, since E^~^ is subquotient of £"2 

for all < I < i, it imphcs that E'^^^ = for all ^ i ^ i and all t > d. Therefore by the 
exact sequences 

^ 4)'+^H* 4>'H^ ^ E'^-' 

for all ^ i ^ t we have H\{M, R) — (fpH^ — — 0, and the claim is proved. 

Next, since d + 1 > dimfl(M (g)^ N), we get by Lemma [231 that Hj{M,N) = for 
all t > pd^(A/) + d + 1. Thus, it is enough to prove by descending induction on t that 
Hj{M, N) = 0, for all d < i ^ pd^(M) + d + 1. It is clear that the assertion is true for 
t = pdj^{M) + d + 1. Assume that d < t < pdj^(Af ) + d + 1 and the assertion is true for 
t + 1. For each finitely generated i?- module N, there exists a non negative integer n such 
that the following sequence 

is exact for some finitely generated i?- module L. It induces an exact sequence of generalized 
local cohomology modules 

Hj{M,R") Hj{M,N) H*+\M,L). 

By inductive hypothesis, we get H*j^^{M,L) = 0. Since t > d, we get by the claim that 
i?|(M, i?") ^ H}{M, R)" = 0. Therefore H'liM, N) = as required. □ 
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It should be mentioned that the functor Hj{M, — ) commutes with the direct hmits in 
the category of aU i?-modules. Therefore, as an immediate consequence of Theorem 13.11 
we get the fohowing resuh. 

Corollary 3.2. Let d = dim(i?). Assume that pdfl(M) < +00, then we have Hj{M, K) — 
for all t > d and all (not necessary to be finitely generated) R-module K . 

Remark 3.3. It is well-known by the Vanishing and non Vanishing Theorem of Grothendieck 
for the theory of ordinary local cohomology that H\{N) = for all i > n = dimA^ and 
H^{N) ^ 0. Therefore, in view of Theorcm[3Tl it is natural to ask whether H}{M, N) = 
and H^{M,N) ^ for alH > rt = dimA^ and all finitely generated i?- modules of finite 
projective dimension. Unfortunately, the answer is negative as the following example 
illustrates. 

Let fc be a field and R — k[[x,y,u,v]]. Let m = {x,y,u,v)R, M — R/{y) and N = 
R/{x) n {y). It is clear that dim(i?) = 4, pdj^(A/) < +00 and dim(iV) = 3. Following [7], 
from the exact sequence i? — > i? ^ A/ ^ 0, we get an exact sequence 

HUN) ^ Hi{N) ^ ij4 (M, N) ^ 0. 

Thus, we get an isomorphism H^{M,N) ^ H^{N) /yH^iN). By [2, Theorem 7.3.2], we 
have Att(iJ^(iV)) = {{x)R, {y)R}. Note that H^iN) is Artinian. Hence, since y S (y)i?, 
we get by Proposition 7.2.11] that yHl{N) ^ Hl{N). It follows that H^{M,N) ^ 0. 

4 The least integer r such that Supp{Hj{M, N)) is infi- 
nite 

First, we recall the notion of generalized regular sequences introduced in p^: A sequence 
xi, . . . ,Xr & I is called a generalized regular sequence oi N in I if for any j = 1, . . . , r, 
Xj ^ p for all p G Ass(A^/(a;i, . . .,Xj-i)N) satisfying dim(i?/p) ^ 2. If dim(iV//iV) ^ 2 
then any generalized regular sequence of in / is of length at most dim( A^) — dim( A^//A^) , 
all maximal generalized regular sequences of A" in / have the same length, and this common 
length is called generalized depth of A^ in / and denoted by gdepth(/, A^). Note that if 
dim{N/IN) ^ 1 then there exists a generalized regular sequence of length r of A^ in / for 
any given integer r > 0. So, in this case we stipulate gdepth(/, A'^) = -|-c». Below we show 
that the generalized depth can be computed by generalized local cohomology modules. 

Theorem 4.1. Set r = gdepth(/M,^) and Jr = f]^^^.ann(Ex.t^j^{M/IM,N)). Then 
dim(i?/Jr) 1 and 

r = inf{i | Supp(7J}(Af, A^)) is not finite} 
= inf{z I H}{M,N) ^ H\XM,N)], 

where we use the convenience that inf (0) = -\-oo. 

Proof. If dim(7V//AfAf) < 1 then r = +00 and dim(i?/J^) ^ 1. Since Supp(A^//A/Af) 
is finite, Supp(i?|(M, A^)) is finite for all j ^ 0. On the other hand, by Lemma 12.71 
H'j{M, N) ^ H'j^{M, N) for all j ^ 0. Therefore, the result is true in this case. 
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If dini(A^//M-'V) ^ 2 then r < +00. Let Xi^. . . ^Xr be a maximal generalized regular 
sequence of N in Im- For any p £ Supp(7V//Af-/V) such that dim(i?/p) ^ 2, we obtain that 
xi/1, . . . , Xr/l is an A^p-regular sequence in (/j\/)p. It follows that Extjj(M//A/, N)p — 
for all j < r, hence dim(Ext]j(M//Af, TV)) ^ 1 for all j < r. Thus dim(i?/Jr) 1, so 
that U^-^^ Supp(Ext^(Af//M, TV)) = Supp(i?/Jr) is a finite set. From this, we obtain by 
Lemma [^?51 that Supp(iJ;^ (M, N)) is a finite set for all j < r. Note that, by [14i Proposition 
4.4], we have 

r = min{depth((/M)p,iVp) | p e Supp{N/lMN),dim{R/p) ^ 2}. 

So r = depth ((/m)p,A^p) for some p e Supp(iV//MA^) with dim(i?/p) > 2. Hence 
Extjj (M//M, TV) p 7^ 0. Thus, by Lemma [SiHl we have p e Ui=o Supp(i?K^' ^))- 
But, since Supp{Hj{M, Nj) is finite for aU j < r, p ^ Uj^r Supp(i?| (M, TV)). Thus 
p e Supp(i7;(M,7V)), so that Supp(i/J(M, iV)) is an infinite set by [IS Theorem 144]. 
Therefore 

r = inf{i I Supp(i7i(^, N)) is not finite }. 

Finally, keep in mind that dim(i?/Jr) ^ 1, hence Supp(7f} {M,N)) is finite; while 
Supp(if;(M,7V)) is infinite by the above equality. Thus H}{M,N) ^ H'}^ {M,N). More- 
over, by Lemma [2Jl we get Hj{M, N) = H^j^{M, N) for all j <r. Therefore 

r = inf{i I H}{M, N) ^ i/}^(M, iV)} 
as required. □ 

Corollary 4.2. Let i be a non negative integer. If Supp(_ffj(A^)) is finite for all j ^ i 
then so is Swpp{Hj(M, N)) for all finitely generated R-module M . 

Proof As gdepth(/, TV) ^ gdepth(/Af , iV), the result follows by Theorem [4T] □ 

Note that for an arbitrary i?-module K, the condition for Supp(iir) to be a finite set 
is in general not equivalent to the condition that dim(_R/p) ^ 1 for all p G Supp(if). 
However, we have immediate consequences of Theorem 14. II as follows. 

Corollary 4.3. Let i be a non negative integer. Then Supp(iJj(Af, iV)) is finite for all 
j ^ i if and only if dim(i?/p) < 1 for all p G Supp(iJj (M, N)) and all j ^i. 

Corollary 4.4. Set r = gdepth(/, N) and Jr = fljxr ann(Extij(iT!//, N)). Then dim(i?/ J^) «C 
1 and 

r = inf{i I Supp(ff}(iV)) is not finite } = inf{i | H}{N) ^ Hy{N)}. 

It should be mentioned that the first equality of Corollarv l4.4l was proved by L.T. Nhan 
in [HI Proposition 5.2]. 

Theorem 4.5. Let i be a non negative integer and Pi — IJ^^,- Supp(i7j(Af, iV)), then 

Ass(ff|(Af, iV)) [jP^ = Ass(Ext*;j(Af//A'/, N)) [j P,. 
In particular, Ass{Hj{M,N)) is a finite set, where r = gdepth(/M, A^)- 
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Proof. Let p G Ass{H}{M, N)). Assume that p <^ Pi. Then, by Lemma EH we have 
Ext'fl(M//M,A/')p ^ and Ext^ (M//M, TV) p = for all j < i. It follows that i = 
depth((/M)p, -^p)- So, by Lemma 1^?^ we get 

Ass(77i(M,iV)p) = Ass(Ext*^(Af//M, Ar)p). 

Thus p e Ass(Ext'fl(Af//M,7V)), since pi?p £ Ass(i?|(Af, 7V)p). Conversely, let p S 
Ass (Ext 5^ (M//M, iV)) and p ^ Pi. By sunilar arguments as above, we can show that 
i = depth ((/m)p,A^p). Hence p e Ass(iJi(A/r, iV)) by LemmaO Therefore 

Ass{H}{M, N)) \JP, = Ass(Ext^(Af//M, N)) [j P,. 

Finally, let r = gdepth(/M, A^)- Then we get by Theorem 14.11 that Pr is a finite set. 
Hence Ass(iJJ(Af, N)) is a finite set as required. □ 

It has shown by [12l Theorem B] or [Ml Theorem 5.6] that if i is an integer such that 
Supp(i/| (A^)) is a finite set for all j < i then Ass{Hj{N)) is a finite set. The next corollary 
gives us a description concretely of this set Ass{Hj{N)). 

Corollary 4.6. Let i be a non negative integer and Pi — [Jj^i Supp(i7j (A^)), then 

AssiHliN)) \JP^= Ass(Extj^(i?//, A^)) |J P,. 
In particular, Ass{Hj{N)) is finite for r — gdepth(/, A^). 

5 The last integer s such that Supp (i7|(M, A^)) is infinite 

The following theorem is the main result in this section. 

Theorem 5.1. Let s be an integer. Assume that pd^(Af) < +oo. Then 
(a) The following statements are equivalent: 

(i) Supp{Hj{M, R/p)) is finite for all j > s and all p e Assm(A^), where Assm(Af) 
denote the set of minimal elements o/Ass(A^); 

(m) Supp(_ff|(Af, A^)) is finite for all j > s; 

(Hi) Supp{H'j+\M, R/p)) is finite for all p G Supp(Af). 

(6) Assume that dim{N/lMN) ^ 2. Set d = dim(i?), r = gdepth(/M, A^) and 
7 = sup{pd«^ (Afp) I p G Supp(A^//MAr), dim(i?/p) ^ 2)}. 
Let s be the least integer satisfying one of three equivalent conditions in (a) , then 

max{r, 7} ^ s < — 1. 
To prove Theorem 15. If o). we need the following lemma. 

Lemma 5.2. Assume that pd^(Af) < +00. Let s be a non negative integer and L a 
finitely generated R-module such that Supp(L) C Supp(Af). Then, if Supp{Hj{M, N)) is 
a finite set for all j > s, so is Supp(iJj(A/, L)). 
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Proof. Let d = dim(i?). By Theorem [SJl H{{M,L) = for all j > d. Thus, we can 
assume that s ^ d. We proceed by descending induction on j. It is clear that the assertion 
is true for j ^ d + 1. Let j < d + 1. Since Supp(L) C Supp(A^), we get by [T71 Theorem 
4.1] that there exists a finite filtration 

^ Lq C Li C L2 C ■ ■ ■ C Lt = L 

such that for any i — 1, . . . ,t, Li/Li^i is a homomorphic image of TV"' for some integer 
rii > 0. Using short exact sequences Li^i Li — > Li/Li-i ^ for i = 1, . . . , i, 
we can reduce the situation to the case t = I. Therefore, there is an exact sequence 
— > ?7 — > A^" ^ L — > for some n > and some finitely generated i?-module U. So, we 
get a long exact sequence 

> Hj{M, iV") ^ Hj{M, L) Hj+\M, U) ■ ■ ■ . 

As Supp(;7) C Supp(iV), we get by induction that Supp(i/|+^(M, J7)) is finite. On the 
other hand, by the hypothesis, Supp(i/| (M, iV")) = Supp(i/| (M, A^)) is finite. Therefore, 
by the above exact sequence, Supp(ffj(M, L)) is finite as required. □ 

As an immediate consequence of Lemma 15.21 we get the following result. 

Corollary 5.3. Assume that pd^(Af) < +00. Let s he a non negative integer and L 
a finitely generated R-module such that Supp(L) — Supp(A^). Then Swpi){Hj{M, L)) is 
finite for all j > s if and only if so is Swpp{Hj (M, N)). 

Now, it is ready to prove Theorem 15 . iT a) . 

Proof of Theorem \5.H a). 

(i) => {ii). Assume that Assm(A^) = {pi, . . . , pt}, so that Supp{Hj{M, R/pi)) is finite for 
all i = 1, . . . ,t. Set Lq — and Li — ®j^i(i?/pj) for each i G {1, . . . ,t}. Note that since 
Ass(it) = {pi,...,pt} = Assm(iV), Supp(Lt) = Supp(iV). It follows from Corollary [Ol 
that Supp(i?j(M, A'')) is finite for all j > s if we can show that Supp{Hj{M, Lt)) is finite 
for all j > s. We do it now by induction on t. It is nothing to prove for t = 1. Let t > 1. 
From the exact sequence — ^ it-i Lt R/pt — > we get a long exact sequence 

Hj{M,Lt-i) ^ Hj{M,Lt) ^ Hj{M,R/pt). 

Therefore Supp (iJ|(M, ij)) is finite by (i) and the inductive hypothesis. 

(ii) (Hi) follows by Lemma [521 

(Hi) =J> (j). By inductive method we need only to show that Supp{Hj^^{M,R/p)) is 
finite for all p G Supp(A^). Let p G Supp(A^). If dim(i?/p) < 1 then the finiteness of 
Supp{Hj~^^{M,R/p)) is clear. Assume that dim(i?/p) ^ 2. We consider two cases Im ^ P 
and Im C p, where Im — annfl(M//M) the annihilator of the module M/IM . 
Case 1: Im ^ P- Then there exists an x G /m \ P- Set G = i?/(p + xR), then Supp(G) C 
Supp(A^). We have a finite filtration 

= Go C Gi c G2 C • • • C Gt = G 

such that, for each j = 1, . . . ,t, Gi/Gi-i = R/pi for some pi G Supp(A^). Now, with the 
same method that used in the proof of (i) =^ (ii) we can show that 

Supp(i7;+i(Af,G)) = Supp(i/;+i(Af,Gt)) 
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is a finite set. On the other hand, we derive from the exact sequence — > R/p — > R/p 
G — > an exact sequence 

Thus, Supp((0 : a;)^a+2(j,^^^yp^) and so Supp((0 : Im) h^+\m,r/p)) &nite. Moreover, 
since Hi+^{M,R/p) is /ji/-tor sion by Lemma [2TT1 

Supp(i/;+^(Af,i?/p)) = Supp((0 : /M)^=+^(M,fl/p)) 

is finite. 

Case 2: Im C p. Then, by Lemma I^TTl we have 

Hi{M,R/p)^Ext'j,{M,R/p) 
for all j ^ 0. For any q £ Supp(_R/p) with dim(_R/q) ^ 2, we get by our assumption that 
Supp(Ext^+i(M, R/q)) = Supp{H'j+\M, R/q)) 

is finite. Therefore 

Ext^+i(Af„fc(q)) = Ext^+i(A/,i?/q), = 0. 

Then, by [31 Proposition 1.3.1], we have Torf^i(Mq, A:(q)) = . It follows by [3 Corollary 
19.5] that pdj^_^(Mq) < s + 1. Hence 

Ext^+2(A/,i?/p)q = Ext^+2(M,, (R/p),) = 

for all q £ Supp(i?/p) satisfying dim(i?/q) ^ 2. Thus, dim((Ext^+^(Af, i?/p))) 1 and 
therefore 

Supp(ij;+2(Af,i?/p)) = Supp(Ext^+^(A/,i?/p)) 
is finite. The proof of Theorem 15. If g) is complete. □ 
To prove Theorem 15. 11 (6) we need one lemma more. 

Lemma 5.4. Let d dim(i?). Assume that pd^(Af) < +oo. Then the following state- 
ments are true. 

(i) Hf{M,N) is Artinian. 

(a) Supp{Hf^'^{M,N)) is a finite set. 

Proof, (i) First, we claim that Hf{M,R) is Artinian. By using the spectral sequence as 
in the proof of Theorem 13.11 we obtain a finite filtration 

= (j)'^+^H'^ C (t)'^H'^ C . . . C (f)^H'^ C 4)"H'^ ^ H'^ 

of the module H'^ = Hf{M,R) such that E'^'' ^ (f)' H'^ / (t)'+^ for al\ ^ i ^ d\ and 
for any i = 0, . . . , d there exists exact sequences 
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Note that El^ ' is a subquotient of El'"^ * for all ^ i ^ d, where 

El'''-'^Hi{Ex4:\M,R)). 

Thus, by using the above exact sequences, in order to prove the Artinianness of Hf{M, R), 
we need only to show that H}{Ext'^\M, R)) is Artinian for all < i < d. Note that 
pd^(M) d and Ext^{M, R) = for aU j > pd^(M). Therefore dim(Ext^"XM, R)) < i 
for aU i s: d by Lemma O It follows by 2, Theorem 7.1.6] that iJ)(Ext^"*(M, i?)) 
is Artinian for all ^ i d and the claim is proved. 

Now, there exists an exact sequence ^ L — > i?" ^ 0, where n is an integer 

and i is a finitely generated i?-module. Hence, in view of Theorem 13. 1[ we get an exact 
sequence 

Hf{M, i?") Hf{M, N) 0. 

Since Hf{M,R") = Hf{M,R)'^, so we get by the claim that Hf{M,K") is Artinian. 
Therefore Hf{M,N) is Artinian. 

(ii) First, we show that SvLpp{Hf~^{M, R)) is finite. By similar arguments as in the proof 
of (j), we need only to show that Supp(£^2 ''~^~') is finite for all ^ i ^ d — 1, where 
E^-'^^'^^'' = H}{Ext'j{^^'{M,R)). Indeed, consider two cases: 

The first case: ^ pd^(M) < d-1. If ^ i < d-l-pdj^{M) then pd^(Af) < d-l-i ^ 
d- 1. It implies Ext^~^"'(M, i?) = 0, so that El'"^^^^' = for all ^ i < d- 1 -pdfl(M). 
If d - 1 - pd;j(Af) ^ i < d - 1 then ^ d - 1 - i < pd^(A//). Thus, by Lemma 
dim(Ext^"^"'( Af,i?)) s^i + l. It implies by Lemma[2l]that Supp(i;2'''"^"') is finite for 
all d - 1 - pd^(M) ^ i ^ d - 1. Therefore Supp(£;2''^"^"*) is finite for all < i < d - 1. 
The second case: pd^(M) > d - 1. By Lemma dim(Ext^"^"'(Af, i?)) ^ i + 1 for all 
^ i ^ d — 1. Hence, by Lemma \2M Supp(-E2 '^"^ *) is finite for all ^ i ^ d — 1 and the 
conclusion follows. 

Next, we prove that Supp(i7j^^(Af, N)) is finite. As in the proof of (i) we get an exact 
sequence 

Hf-^{M,R'') Hf-\M,N) Hf{M,L). 

Since Supp(iJ^^^(A/, i?")) is a finite set by the claim above and Hf{M,L) is Artinian by 
(i), it follows from the exact sequence above that Supp(_ffj^^(A/, N)) is finite as required. 

□ 

Proof of Theorem I5.1f &). 

Let d = dim(i?). Let s be the least integer satisfying one of three equivalent conditions 
in Theorem 15. If a). Then, by Lemma [5.41 we have s < d — 1. By Theorem 14.11 to prove 
max{r, 7} ^ s, where r = gdepth(/M, N) and 

7 = sup{pd;j^(Afp) I p G Supp(Ar//MA^),dim(i?/p) ^ 2}, 

we have only to show that 7 s. Indeed, assume that 7 > s, then there exists p £ 
Supp(Af//j\/A^) such that dim(i?/p) ^ 2 and pd^^(A^p) > s. From this, we get by 

[51 Corollary 19.5] that Torf:^i(Afp, /c(p)) ^ 0. So, by [1 Proposition 1.3.1], we get 
Ext^+^(Ai",i?/p)p ^ 0. It follows by [lO^ Theorem 144] that Supp(Ext^+\A4^, i?/p)) is 
an infinite set. Moreover, since Im C p, we have by Lemma [2.11 that Hj~^^(M,R/p) = 
Ext^+^(A4",i?/p). It follows that Supp(ij;+^ (Ai", i?/p)) is infinite. This contradicts with 
the choice of s. Thus 7 ^ s as required. □ 



11 



Remark 5.5. (i) In general, there does exist the integer s in Theorem lS.ir a) if pd^(M) = 
+00. For example, let A: be a field and R = k[[x,y,u,v]]/a, where a = Set p = 

(x, y)/a. It is clear that Rp is not integral domain, and thus Rp is not a regular local ring. 
Hence pd^^ (^(p)) = i^jd^ (^(p)) = +00, where injd^ (^(p)) is the injective dimension of 
i?p-module''i?p/pi?p. Now," let M = iV = R/p and / = p. Hence pdj^(M) = injdfl(A^) = 
+00 and Ext^(M,iV)p Ext]^^ (fc(p), /c(p)) ^ for all j ^ 0. Thus Supp(iJ^(M, iV)) = 
Supp(Ext-^(M, iV)) is an infinite set for all j ^ 0. 

(m) We can not replace the condition that p runs through the set Supp(A^) in statement 
(Hi) of Theorem IS.lf a) by the condition that p runs through the set Ass(iV). Indeed, 
let A: be a field and R — k[[x,y,u,v]]. Set / — {x,y)R and M — R/{y), then Im — I- 
Since i? is a regular local ring, pd^(M) < 00. Let N = R/{x) n (a;^,u) n {x^,y,u'^). 
Then dim(7V) = 3 and Ass{N) — {xR, {x,u)R, {x,y,u)R}. It is clear that y S Im is a 
generalized regular element of N, and ann{N/yN) D (a;^, y). Thus, for any q € Ass{N/yN) 
with dim(i?/q) ^ 2, we have q D Im, so that gdepth(/M, -/V/yiV) = 0. This implies 
gdepth(/A/, iV) = 1. Moreover, it is easy to see that H^{M, R/{x)) = 0, i?y(M, R/{x, u)) = 
and dim(i7y(Af, y, u))) = 1. Hence Supp(i7y(M, R/p)) is finite for aU p e Ass(iV). 

However, we get by Theorem 14.11 that Supp(i/|(M, A^)) is not finite. 
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